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Studies reveal that students as well as teachers have difficulties in understanding
and learning of decimals. The purpose of this study is to investigate students’ as
well as pre-service teachers’ solution strategies when solving a question that
involves an estimation task for the value of a decimal number on the number
line. We also examined the pre-service teachers’ anticipation of students’
misconceptions and difficulties for the given task. To conduct our analysis, we
conducted interviews with three 5™ and three 6™ grade students, and eight pre-
service teachers. During the interviews we asked them to solve the question and
explain their solution strategies. The findings of the study indicate that students
and pre-service approach this problem in different ways. However, both groups
have a tendency to think of decimals successively and indicate precise answers
rather than specifying a range of possible values. We also observed the pre-
service teachers could only partially anticipate the misconceptions and

difficulties faced by the students.

Introduction

Decimals are used in many places in real life since they indicate precise results of measurement. Although
students encounter decimals in early grades, studies show that students have difficulty in understanding and
learning decimals (Brousseau, Brousseau, & Warfield, 2007; Glasgow, Ragan, Fields, Reys & Wasman, 2000;
Stacey, 2005). This difficulty mostly stems from adults’ own difficulties in understanding decimals (Putt, 1995;
Stacey, Helme, Steinle, Batoro, Irwin, & Bana, 2001). Actually, when teachers’ and students’ difficulties are
compared, it has been seen that many of them are common. Ubuz and Yayan (2010) show that primary teachers
and students have difficulties in reading scale, ordering numbers, finding the closest decimal number and doing
operations such as addition and subtraction.

One of the misconceptions that students have is related to ordering decimal numbers (Steinle and Stacey, 2004).
Steinle and Stacey (1998) identified three categories for this misconception: longer is larger, shorter is larger
and apparent-expert behavior. In longer is larger misconception, students select decimals with more digits in
decimal part as larger. In shorter is larger misconception, students apply the idea of a tenth is larger than a
hundredth for decimals. They state that the decimal numbers, which have fewer digits, are larger. In apparent-
expert behavior, students do operations about decimals correctly. However, many times they cannot
conceptualize place value in decimals. Steinle and Stacey (1998) also divides these misconceptions under three
categories: internal zero, less than zero and reciprocal thinking. In internal zero students think decimal numbers
as natural numbers and zero has not an impact. For example; they decide 0,45 is smaller than 0,051. Less than
zero means since zero is an integer, students think that zero is larger than decimals that have 0 in ones column.
To illustrate, they select 0,23 as smaller than 0. In reciprocal thinking students connect decimals with fraction
incorrectly. For example; students think 0,3 equals 1/3, 0,4 equals 1/4 and they decide 0,3 is larger than 0,4.

The research reveals that both teachers and students have difficulty in understanding decimal numbers. Stacey
et al. (2001) indicate that pre-service teachers have difficulty with comparing decimals with zero, and some of
the teachers have ‘“shorter is larger” misconceptions similar to students (Steinle & Stacey, 1998). These
misconceptions often stem from background of the individual with whole numbers (Moskal & Magone, 2000;
Vamvakoussi & Vosniadou, 2004).
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Students generally use their knowledge about whole numbers while answering questions about decimals
(Moskal & Magone, 2000; Vamvakoussi & Vosniadou, 2004). There are not any whole numbers between
successive whole numbers. It has been widely seen that students apply this principle for solving problems about
decimals. For example, most of the students think that there are not any decimals between two decimals, such as
0,63 and 0,64 (Fuglestad, 1996). The other misconception is that students count from 0,412 to 0,419 to order the
numbers between 0,41 and 0,42 (Hart, 1981). Neumann (1998) investigated 7" grade students’ conceptions of
density about fractions. The students were asked to find the number of fractions between 1/3 and 2/3, and
between 0,3 and 0,6. Most of the students stated that there were not any fractions between 1/3 and 2/3, and there
were not any common fractions between 0,3 and 0,6. Similarly, Veloo’s (2012) study with 7" graders showed
that most of the students could not understand the density of decimals. When considered the progress of
conceptions of decimal across grade level, Liu, Zong, Ding and Zhang (2014) studied with 4", 5" and 6™ grade
students. They concluded that lower graders used whole numbers knowledge for decimals, while higher graders
considered the density of decimals. Additionally, studies show that university students do not have
conceptualization of density of real numbers (Merenluoto & Pehkonen, 2002). Besides students, pre-service
teachers also have misconceptions about decimal numbers (Merenluoto, 2003; Tsao, 2005). Depeape, Torbeyns,
Vermeersch, Janssens, Janssen, Kelchtermans, Verschaffel, and Van Dooren (2015) state that pre-service
teachers consider there are limited number of rational numbers between two rational numbers, and their
conceptualization of density of decimals do not develop well. Similar to students, pre-service teachers use their
whole numbers knowledge for density of rational numbers and they answer incorrectly to the questions. They
state that 4/5 comes after 3/5 (Merenluoto & Lehtinen, 2002).

The reasons for these misconceptions about the continuity of numbers are related with density property of
decimals. The density property is about the existence of infinite decimals between any two decimals. Gaining
the idea of density property is important to conceptualize rational numbers later (Widjaja, Stacey & Steinle,
2008). McMullen, Hannula-Sormunen, and Lehtinen (2015) argued that exposing pre-school children with
number sequence skills. Several studies suggested different teaching methods to overcome the misconceptions
about density property (Merenluoto & Lehtinen, 2002; Vamvakoussi & Vosniadou, 2004; Veloo, 2012).

When teachers cannot conceptualize decimal representation, they do not emphasize students’ misconceptions
while teaching (Steinle & Stacey, 2004). This situation can cause to settle students’ misconceptions about
decimals permanently. Especially, misconceptions about density of decimals can be more resident than the
misconceptions about operations with decimals (Liu et al., 2014). One of the factors that affect students’
learning, understanding and achievement is teacher’s knowledge (Hill, Rowan & Ball, 2005). At that point,
content knowledge and knowing students’ thinking are connected with teachers’ pedagogical content
knowledge. Especially, knowing students’ misconceptions, difficulties, and understanding is one of the
components of teachers’ pedagogical content knowledge and this knowledge has a positive effect on students’
achievement (An, Kulm & Wu, 2004; Blomeke & Delaney, 2012; Fennema, Carpenter, Franke, Levi, Jacobs, &
Empson, 1996; Hill, Rowan & Ball, 2005).

Generally, there are many studies that investigate students’ and pre-service teachers’ understanding of density of
decimals and fractions (Depeape et al., 2015; Fuglestad, 1996; Hart, 1981; Liu et al., 2014; Merenluoto &
Pehkonen, 2002; Merenluoto, 2003; Moskal & Magone, 2000; Tsao, 2005; Vamvakoussi & Vosnhiadou, 2004;
Vamvakoussi & Vosniadou, 2010; Veloo, 2012; Widjaja et al., 2008). However, one of the aims of this study is
to examine the density misconception with a different perspective, which investigates pre-service teachers’
understanding of students’ misconceptions about the location of decimals. Also, different from other studies, the
prediction of decimal numbers on a number line is utilized in this study. The location of decimals on a number
line can provide an opportunity to seek the conceptions of students and pre-service teachers about the density
property. In this regard, the number line can be an appropriate representation for the density property to give a
sense of continuity (Widjaja et al., 2008).

In this study, we aim to present students’ conception of location of decimals, pre-service teachers’ conceptions
of location of decimals and finally pre-service teachers’ anticipation of students’ misconceptions regarding
location of decimals. In this context, our research questions are:

1) What are the students’ conceptions of location of decimals on a number line?

2) What are the pre-service teachers’ conceptions of location of decimals on a number line?

3) What do pre-service teachers’ anticipate about students’ misconceptions and difficulties regarding location of
decimals?
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Method

In this study, the participants were asked to determine which decimal and fraction might be indicated by the
arrow mark on a number line. Their strategies and possible misconceptions for estimating number(s) for this
mark are investigated. In this regard, questions were asked them to explain their opinions. Qualitative research
is used to examine their solution methods and conceptions (Fraenkel, Wallen, & Hyun, 2012). For this,
participants’ solution strategies were regrouped based on the literature (Creswell, 2007).

Case studies are used to answer why and how questions about a phenomenon from the real life (Yin, 2003).
Stake (1995) divides case studies into three categories; intrinsic, instrumental, and multiple case studies.
Intrinsic case studies focus on an individual or situation that is unique. In instrumental case studies, the
researcher investigates something in a situation. In multiple case studies, the researcher selects different cases to
explain the situation within different perspectives. To examine different achievement-level students’ and pre-
service teachers’ conceptions, multiple case study is used in this research. Different cases were used to compare
and contrast them.

Participants

In a qualitative research, researchers generally prefer sampling for their purpose to examine the situations in
more detail (Creswell, 2005). For this study, the participants were selected using the purposive sampling method
for getting detailed information (Patton, 1990). This study was conducted with eight pre-service middle school
mathematics teachers and six 5" and 6™ grades students (three students from each grade). The students were
selected from a middle socio-economic level school based on the opinions of their mathematics teachers. Their
mathematics teacher explained her opinions based on students’ performance in mathematics classes.
Additionally, the students’ mathematics grades were another indicator for their selection. The reason for
selecting 5™ and 6™ grade students was that decimals are taught in these levels according to the curriculum
(MoNE, 2013). Since the aim was to examine the solutions in detail, these six students’ solutions were used as
cases in this study.

The eight volunteered pre-service teachers were selected from a group of university students who were enrolled
in the school experience course. These pre-service teachers were in the fourth year of their education. They had
completed mathematics courses such as fundamentals of mathematics, calculus, basic algebraic structures, and
method courses about mathematics education. They also had experience with teaching decimals and fractions
during their teaching in school experience course. According to their CGPAs (Cumulative Graduate Point
Average), three of the pre-service teachers were considered as high achieving (3.50-4.00), three of them as
middle achieving (3.00-3.50), and two of them as low achieving (2.50-3.00).

Clinical interviews were conducted with the selected participants. Clinical interview is an important data
collection method to analyze participants’ mathematical thinking (Goldin, 2000). These interviews also provide
an opportunity to researcher to understand the solutions of participants. The students’ hames were coded with
letters and numbers that indicate their achievement (high: H, medium: M, low: L) and grade (5 and 6) levels
resulting in H5, M5, L5, H6, M6, and L6. Teachers were called T1, T2, T3, T4, T5, T6, T7, and T8. Based on
their CGPAs, T1, T4, and T7 were high achieving; T2, T5, and T8 were medium achieving, and T3 and T6 were
low achieving.

Data Collection

Data were collected with written responses and interviews from students and pre-service teachers. The question
below is adapted from the book entitled “Elementary and Middle School Mathematics” (Van de Walle, Karp, &
Bay-William, 2013, p. 346). In the question, the participants were asked to estimate which decimal and fraction
might be indicated by the arrow mark and to explain their solutions (see Figure 1).

Figure 1. The question used in the study
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Next, they were asked to write their solution on a paper and thought loudly during the solution of the problem.
The researcher recorded their explanations. The interviews lasted about 10 minutes.

Data Analysis

This study was performed as a multiple case study in order to compare and contrast students’ and pre-service
teachers’ solutions (Merriam, 1998). For data analysis, the interviews were transcribed. Basic categories were
formed based on the literature (Smith, Solomon, & Carey, 2005; Widjaja et al., 2008) and then the data were
coded and classified using these categories. If the data didn’t fall into an existing category, we created tentative
categories. Next, these categories were compared within themselves to create new categories. As a result, three
categories for students’ solutions and four categories for teachers’ solutions were identified. Finally, the pre-
service teachers’ understanding of students’ misconceptions and difficulties were examined.

Students’ Solutions

Studies indicate that most of the students consider that there are finite numbers between two decimals or
fractions. This stems from their whole number knowledge of comparing two decimals and fractions. For
example, when students are asked to state the numbers between 3/8 and 5/8, many students answered that there
is only one number that is 4/8. The reason for this misconception is applying the consecutive feature of whole
numbers for decimals and fractions. Most of the time, students assume that decimals and fractions continue
consecutively as whole numbers. From this viewpoint, the first category in the data analysis is categorized as
successive thinking based on the literature (Fuglestad, 1996; Hart, 1981; Liu et al., 2014; Moskal & Magone,
2000; Vamvakoussi & Vosniadou, 2004; Vamvakoussi & Vosniadou, 2007; Veloo, 2012). In this situation,
students mostly ignore the density between the two fractions or decimals. The second category as converting 1
to a larger number is found from the data. According to this category, students have a tendency to convert the
number 1, to a larger number such as 25 or 100 that is divisible by 5 (as there were 5 intervals in the number
line). The main reason of this conversion is that 5 can divide 100. By doing this, students can write a whole
number for each mark, as 20, 40, 60, 80, 100, on the number line. The third category is thinking first in fractions
and then converting to decimals (Thompson & Walker, 1996). According to the third category, students first
represent the marked location using fractions and then convert this value to decimals. In summary, students’
solutions are grouped under three categories extracted from the data:

1. Successive thinking
2. Converting 1 to a larger number
3. Thinking first in fractions and then converting to decimals

The students’ interviews were transcribed and then the data were compared within themselves to form these
categories. After the data were coded regarding to these categories, emerging issues were interpreted based on
the related literature. The first and third categories are based on the literature, whereas the second category is
found from the data. It is also important to note that some students’ solution strategies belonged to more than
one category.

Pre-service Teachers’ Solutions

In general, pre-service teachers’ solutions can be classified into four categories. They used the number line
correctly. All of them divided 1 by the number of intervals on the number line and found the fractions that the
ticks showed. This strategy is called as dividing 1 by the number of intervals and identified as the first category.
After they determined 1/5 as the first tick and 2/5 as the second tick, three teachers made estimations
considering the closeness to the value of the second tick, and gave similar answers. Two of them converted
these fractions to decimals and the other pre-service teacher expanded these fractions by multiplying with 20 to
get more than one fraction between them. These similar answers formed the second category called as
estimation by considering the closeness to 40/100 or 0,4. The third category is called as successive thinking.
Besides students, some pre-service teachers can also think successively (Merenluoto, 2003; Tsao, 2005). When
they found 8/20 for the second tick, they answered 7/20 considering 7 is one less than the number 8. The last
category is about estimation and called considering a precise value rather than estimation. Two teachers found
2/5 for the second tick and they gave this as an answer. They did not take into consideration the place of the
arrow that is asked in the question. Thus, the findings are grouped into four categories:
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Dividing 1 by the number of intervals

Estimation by considering the closeness to 40/100 or 0,4
Successive thinking

Considering a precise value rather than estimation

Eal A

The first, second and fourth category were identified from the pre-service teachers’ solutions. The third
category, successive thinking, is based on the literature (Merenluoto & Pehkonen, 2002; Merenluoto, 2003;
Moskal & Magone, 2000; Tsao, 2005; Widjaja et al., 2008). Similar to the students’ solutions, most of the pre-
service teachers’ solution strategies belonged to more than one category. After determining these categories,
pre-service teachers’ thinking about students’ possible misconceptions, difficulties, and their suggestions to
overcome them were also examined.

Findings
Students’ Solutions
Successive Thinking (Ignoring the density of numbers)

In this category, there are five students (H6, M6, L6, H5, and L5). Three students’ solutions (H6, M6, and L6)
were similar at the beginning of the solution. Since the students divided the intervals into 5 units, they assumed
that there were a total of 10 units for two intervals. They estimated 9 as one less than 10 for the arrow position.
Then, these three students used different ways to represent the fractions and decimals.

H6 decided to sum up 5 units assuming each part has 5 units and found 25, and she stated 9/25 could be a
fraction for the arrow position. Then, she converted this fraction to the hundredth fractions by multiplying both
numerator and denominator by 4. She found 0,36 by converting the fraction (36/100) to its decimal version (see
Figure 2(a)).
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Figure 2. H6’s and M6’s Solution

M6 solved the problem different than H6. She put ticks to indicate 10 units, and then she counted the ticks as
0.1,0.2,0.3,0.4,0.5, 0.6, 0.7, 0.8, and 0.9 to reach 0.9. Then, she erased 0.9 and tried to find 100 and then 1000
multiplying 9 with different numbers. She multiplied 9 with 11 first, then 50, 80, 100, 112, 111 correctly. After
multiplying 111 and getting 999, she decided to not to getting 10, 100, or 1000. The dialogue between the
student and the researcher is given below:

M6: I will equate 9 to 100. Multiply 9 with 11 and 99. It does not equal to 100.

Researcher: Can you explain why you multiply?

M®6: Because to find the denominator of 9, | must equate 10, 100, 1000. But, it does not get equal to
100, and also to 10.

This student first gave 0,9 as answer and then she wanted to write the denominator as a power of 10. But, here,
the student multiplied 9 by different whole numbers assuming that 9 is the denominator. When she was asked
about the reasoning of multiplication, she explained that she wanted to find the denominator as power of ten
(see Figure 2(b)).

Another student, L6, stated the answer was 9/10. Similar to M6, L6 also did not consider total number of units
as 1. He used the second tick on the number line (see Figure 3(a)).
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Figure 3. L6's and H5’s solution

Generally the number line was thought as a concrete material and the three students indicated that each interval
would be equal to each other and each interval would be five units. Only student H6 considered that the whole
as 25 units, and indicated that the number that arrow showed would be 9/25. Other students stated that the
number that the arrow indicated would be 9/10. At this point, students thought that the whole is 10. Based on
students’ answers, it can be said that only H6 could make a correct estimation by using her reasoning.

One of the fifth graders (H5) considered each interval as 20 units. Although he indicated that the second tick
shows 40, he estimated the number the arrow showed as 19 since it was one less than 20. In his explanation he
stated that “If the number line had 100 units, the ticks would be 20, 40, 60, 80, and the whole would be 100
units. Since the second tick would be 20, the arrow mark would show number 19, thus the fraction would be
19/20”. Then, to expand the denominator as 100, he thought multiplying both numerator and denominator by 5.

But, he wrote 1 % instead of 95/100 while he was converting 19/20 to the fraction where the denominator was
100 (see Figure 3(b)).

Other fifth grader (L5) started to solve the problem with a different strategy. The student stated that a whole
number could be written for each tick after 0 and she wrote 1, 2, 3, and 4 for the ticks between 0 and 1. She
explained her solution: “First, | think we can write 1, 2, 3, and 4 for the ticks. If we divide the parts up to 2 into
four parts, we can say that 1,5 is just before 2. ” (see Figure 4).

L1 Lt 1
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Figure 4. L5’s solutions

L5 showed that 1,5 is the number the arrow indicates. When she was asked to represent the number as a fraction,
she wrote 2 in the numerator since it is the closest whole number to 1,5. Next, she stated that the denominator
would be 4 since it is the biggest number on the given number line. Thus, she indicated that the fraction would
be 2/4. It is seen that this student did not use the number line correctly. Although the student recognized this
number line would start from zero and finished at one, she wrote 1, 2, 3, and 4 after zero.

When students’ solutions were examined, it was seen that most of the students ignored the density of numbers
while they were guessing the number that is marked by the arrow. They thought only one answer for the spot.
When estimating the number, mostly they selected the closest number to the second tick that they represented.
In other words, for example when they indicated the second tick would be 10, they stated that the number that
arrow shows would be 9; when it is 20, the number arrow indicates would be 19; when it is 2, the humber the
arrow shows would be 1,5.

Converting 1 to a Larger Number

Two of the students (M5 and H5) started to solve the question by dividing each interval into 20 equal units.
When M5 was asked what his answer as a fraction was, he represented it as a decimal number:
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M5: This can be... (writing 40)

Researcher: 40 can be. As decimal which number can be?

M5; ???

Researcher: As a fraction what would it be?

M5: 0,40.

Researcher: How did you find it?

M5: There are 5 intervals. | multiply 5 by 20. It is 100. Since this is a whole, I add 20 to 20 and get 40.

F’NOIIMJ

o450

-

Figure 5. M5’s solutions

M5 first stated 40 as an answer. When the researcher asked what decimal number it represented, M5 was not
sure and did not answer. Then, the researcher asked what fraction it represented and he stated that it could be
0,40. When the researcher asked how he found this result, the student said that he multiplied 20 by 2 and got 40,
and since the whole was 100, he represented 0,40 as fraction, although 0,40 is decimal representation (see
Figure 5). Similar to M5, M6 confused the decimal numbers with fractions. Although M6 found a decimal at the
beginning, she tried to find a decimal number again by doing some operations.

M5 and H5 assumed 100 as the whole and each interval has 20 units. M5 explained that he guessed that each
interval as 20 and multiplied 20 by 5 to get the whole which was 100. In contrast to M5, H5 assumed the whole
number line had 100 units, and he divided 100 by 5 and got 20 units for each interval.

H5: There are 20 units in each interval. The whole is 100.
Researcher: Why 20?
H5: If the whole is 100, that is 20, 40, 60, 80, and 100. The whole is 100.

It can be seen that students preferred to think the whole as 100 and divided 100 by 5 instead of dividing 1 by 5
for the correct use of the number line. These two students indicated that each interval would be as 20 units and
equal to each other. However, they did not make a correct estimation of the number indicated by the arrow.

Thinking First in Fractions and then Converting to Decimals

During the interviews it was observed that three students (L6, H5, and H6) tended to represent the arrow mark
with a fraction instead of a decimal number and then convert the fraction to a decimal number. When the
researcher asked L6 which decimal number he estimated, he wrote 9/10=0,9. Next, he explained that 9/10 was
the fraction and 0,9 was its decimal representation (see Figure 3(a)). The dialogue between the student and the
researcher is given below:

Researcher: As a decimal what would it be?

L6: 9 tenth.

Researcher: Can you write?

L6: (...writing 9/10)

Researcher: As a fraction what would it be?

L6: Sorry, can | do this question again?

Researcher: Of course.

L6: This is not a decimal (9/10). If we want to represent it as a decimal, it can be 0.9.
Researcher: As a fraction?

L6: 9/10.

H5 stated that his answer was 19/20 as a fraction. To represent it as a decimal, he multiplied the denominator by
5 to get 100 and gave his answer as 95/100. Next, he wrote it as 1,95 instead of 0,95. Then, he wrote 1,95

as1 fTSO and he stated that this was the fractional representation (see Figure 3(b)).
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H5: Whole is 100, that is 20, 40, 60, 80, 100. When 20, it is 19, 19/20 as fraction.

Researcher: As an estimation?

H5: I multiply 20 by 5 and get 100. Then, I must multiply 19 by 5, 95. As decimal, 1,95. (...writing)
Researcher: Is this a fraction?

H5: (Showing 1% ). As decimal, it is 1,95.

The other student in this category, H6, stated 9/25 for the number that the arrow shows. Then, she multiplied the
numerator and the denominator by 4 and obtained 36/100. Finally, she represented it 0.36 as a decimal number
(see Figure 2(a)). Except for H6, we observed that many students even did not even take into account that the
last tick on the number line was marked as 1. Instead, they counted the ticks and just ordered the numbers from
1 to 5 or they just wrote 5 for each interval. In general, all students’ solutions belonged to one of the three
categories in Table 1. Some students’ solutions (H6, L6 and H5) belonged to multiple categories:

Table 1. The categories of students’ solutions

Categories Representative students’ solutions Students
ertopaeltt H6, M6, L6,
Successive Thinking 4 \ <% H5, L5
@) 9 = T 036
T35 v oo !
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In the first category, we noticed that the students considered the decimals and fractions successive based on their
previous experiences with the whole numbers. For example, the students divided each space into 5 units and
named the place where the marker was as 9/25 (Table 1a). Since the marker was just before the second tick, the
student considered 9 to be the number one less than 10. In the second category, the student took the whole as
100 and since the marker was after the second tick, he thought the place where the marker was as 40 and wrote
it in decimals as 0,40 (Table 1b). In the third category, the students wrote the number where marker was as 9/10
and then converted it to decimal as 0,9 without thinking the whole (Table 1c). Here, it is important to note that
in order to find the decimal number it is observed that students mostly started from fractions and then wrote that
number in decimals. One of the important results was that students tried to find a single precise value although
they were asked to make estimation. In other words, none of the students was able to think that there could be
more than one answer. Another observation was about the difficulty in using the number line and using the
value of 1 shown on the number line.

Pre-Service Teachers’ Solutions
Dividing 1 by the Number of Intervals

All pre-service teachers began to solve the problem by dividing 1 by 5 since there are 5 equal intervals. They
took into account the ticks on the number line and they considered each tick as 1/5, 2/5, 3/5, 4/5 respectively.
Especially for the second tick, they determined 2/5 as a fraction and they made an estimation using this value.
After determining 2/5 for the second tick on the number line, pre-service teachers followed different ways to
reach the answer.
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Estimation by Considering the Closeness to 40/100 or 0,4

Three pre-service teachers (T4, T6, and T8) are in this category regarding their written solutions. One of them
(T4) stated that the arrow should be between 1/5 and 2/5, and near 2/5. Then, he noted that the asked value
should be near to 40/100; but smaller than it. Then, he answered that it could be 38/100 as it was close to
40/100.

Another pre-service teacher (T6) also estimated 0,38 for the number that the arrow indicated. After she
determined the fractions for the ticks, she converted 1/5 to 0,2 and 2/5 to 0,4 for making an estimation. Since 0,3
is the midpoint of 0,2 and 0,4, she stated that the asked point should be bigger than 0,3 and smaller than 0,4. To
make a better estimation, she stated that it was bigger than 0,35, which is the midpoint of 0,3 and 0,4. Finally,
she estimated the number as 0,38 and converted it to 38/100 (see Figure 6).
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Figure 6. T6’s solution

One of the pre-service teachers (T8) also indicated that the answer was 0,37. Similar to T4, he stated that the
asked arrow marked should be between 1/5 and 2/5, and close to 2/5. He considered that 1/5 can be written as
0,2 and 2/5 can be written as 0,4. Then, he wrote his answer as 0,37.

Successive Thinking

Two of the pre-service teachers (T1 and T7) made an estimation of the answer as 7/20. After they decided that
the number that the arrow shows should be between 1/5 and 2/5, they expanded these fractions. T1 first
multiplied numerators and denominators by 2 and obtained 2/10 and 4/10. She estimated 3/10 but she stated this
value was not appropriate because this point represented the midpoint of these fractions. She explained that the
asked value should be near to 4/10. Thus, she expanded these fractions by multiplying by 4 and obtained 4/20
and 8/20. Then, she decided that 7/20 could be more appropriate for the asked point (see Figure 7(a)). This
fraction’s numerator is 7, one less number from 8. On the other hand, T7 directly multiplied the fractions (1/5
and 2/5) by 4. She explained that the asked point should be far to 1/5 and close to 2/5. When she found 4/20 and
8/20, she estimated the number as 7/20. Similar to T1’s answer, the numerator of this fraction is 7, one less
number from 8.
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Figure 7. T1’s and T7’s solution

Considering a Precise Value Rather Than Estimation

Two pre-service teachers (T2 and T3) answered the question as 2/5, which is equal to 0,4. T2 indicated that the
arrow marked was too close to 2/5 and he stated that the answer should be 2/5. Then, he converted 2/5 to 0,4. T3
directly gave the answer, and did not express anything about estimation. Their written answers’ representations
are below:
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Figure 8. T2’s solution and T3’s solution

In general, pre-service teachers’ solutions shared similarities and differences with the students’ answers.
Different from the students, all pre-service teachers considered the whole as 1. But similar to the students, some
pre-service teachers also thought the decimals as successive and tried to find a precise value rather than
estimation. Table 2 shows the categories of all solutions and the representative examples from the pre-service
teachers’ solutions. Except TS5, other teachers belonged to two categories.

Table 2. The categories of the pre-service teachers’ solutions

Categories Representative pre-service teachers’ solutions Teachers
Dividing 1 by the O IR/ Yam s ey Al of them
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Pre-service Teachers’ Thinking about Students’ Misconceptions and Difficulties

In the interviews, pre-service teachers were asked to reason about what misconceptions and difficulties students
can have while solving this question. Pre-service teachers’ anticipation of misconceptions focused on density,
the use of number line, and estimation. Table 3 shows these misconceptions and difficulties as well as the pre-

service teachers’ response
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Table 3. The categories of pre-service teachers’ thinking about students’ misconceptions and difficulty

Categories

Representative comments

Misconceptions

Density

TI: ...We assume that students will predict that the answer is between 1/5
and 2/5, but they can say that there are no numbers between them.

T3: Dividing the interval of 0 and 1 can be abstract for students as 0 and 1
are successive.

T4: ... The interval between the given numbers (1/5 and 2/5) is so small that
students can think that there are no numbers between 1 and 2.

T6: According to students there are not any fractions between 1/5 and 2/5.
The fraction that its denominator is 5.

T7: Considering there are not any numbers between 1/5 and 2/5, students
can give up to solve. Of course, there are numbers between them.

T8: They can say that there are not any fractions between 1/5 and 2/5, we
cannot find any fractions. They can give a wrong answer.

The incorrect
use of number
line

T1: When he realizes 1, he should question if the
intervals are equal. If he is sure of the equality, he has
Dividing difficulty about dividing 1 by 5 or 5 by 1.

incorrectly

T5: For the second tick, they can say 5/2 instead of 2/5

when determining the values for ticks.

T2: ... The most important misconception is the start
and end points (0 and 1) cannot be considered so
students think that there are four intervals instead of 5
Counting ticks and they take 4 as the denominator instead of 5.

T3: There are 5 equal intervals, but students may think
of the ticks (6) instead of the number of intervals (5).
Thus, they can say 3/6 for the third tick.

T1: | think students cannot see 1 on the number line,
and count 1,2,3,4 after 0.

Not considering 1
T6: Students can forget 0 and 1, and they can count
and write 2, 3, and 4 for the ticks.

Estimation

T2: Students try to get the precise result. But, they
should estimate here. They can think smaller than 2/5
since the asked point is to the left of 2/5. But, they can
confuse estimation with the exact result. So, they can
think that the answer cannot be found.

Considering a
precise value

T7: We assume that the student can expand with
multiplying by 2. He says 3/10, between 2/10 and 4/10.
It is the midpoint. This consideration is a
misconception. Placing between the two fractions does
not mean it is the midpoint.

Considering
midpoint

T8: If they expand 1/5 and 2/5 by multiplying by 2, 2/10
and 4/10. They can think 3/10. They can answer it as
the midpoint. They cannot make more accurate
estimation.
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T4: ... Only they can comment like this: it is smaller than 2/5, close to 2/5.
But, they cannot say it is the estimation, they cannot give a specific value.
They can have difficulty in estimating.

T5: ... For example, they can think the number line has 5 equal intervals,
Estimating since this asked point is close to the second tick, 2/5. They cannot give any
values for making estimation.

Difficulty

T6: Student can guess that it is between 0,2 and 0,4. | do not think a student
can consider the midpoint to make estimation. For example, first, | found 0,3
and then 0,35 for estimation. | do not think a student can make a close
estimation.

Most of the pre-service teachers anticipated that students might have problems related to density since they
might not find any number between 1/5 and 2/5. When the pre-service teachers were asked what the reasons
could be for this misconception, most of them indicated that students could think there were not any numbers
between 1/5 and 2/5 because students would think these fractions as having the features of whole numbers. They
stated that students would focus numerator, and try to find a fraction whose numerator was a whole number
between 1 and 2. However, none of the students considered the whole as 1, so they didn’t divide 1 by 5. In other
words, they were not able to think in terms of fractions when they began to solve the question. Instead, many of
them used larger numbers such as 100, 25, or 10 as a whole. However, most of the students thought successively
in the solving process, as pre-service teachers described.

Another misconception that pre-service teachers indicated was the incorrect use of number line. Dividing
incorrectly, such as 5 by 2 or 5 by 1, was not observed in the students’ solutions, because the students did not
use fractions to solve this question as indicated above. Additionally, pre-service teachers also stated that
students’ difficulty with the ticks and the intervals on the number line. They asserted that the students might
count the ticks instead of interval and thus they might determine the fraction for the asked point incorrectly.
They stated that students could have a lack of knowledge about the use of the number line. However, the
students did not use the number line in this way, but two students (M6 and L6) confused with counting the ticks
that they put in interval. They did not count the whole ticks on the number line. They divided each interval into
5 smaller intervals. Then they counted the ticks until the estimated point as 9 and gave an answer of 0,9 ignoring
that the rightmost tick indicates 1 as whole. As another misconception related with the use of humber line, some
teachers anticipated that students might have difficulty to see marker indicated by 1 on the number line. They
indicated that students might write 1,2,3,4, and 5 after 0. One teacher explained this misconception with
students’ lack of familiarity of decimals on the number line. She indicated that she did not see the location of
decimals on the number line while learning decimals. Even though the students had problems considering 1 as a
whole; instead of writing 5 for the whole, they wrote larger numbers such as 25 and 100. Only one student (L5)
thought like this and wrote 2 for the second tick and gave answer 1,5 not thinking that the end point was 1.
Thus, it can be said that teachers’ anticipation of this misconceptions was partially accurate.

On the other hand, pre-service teachers’ anticipation of difficulties focused on estimation. They indicated that
students could think that 1/5 and 2/5 are too small and students could not find a number between these fractions.
Anticipation of this difficulty was partially accurate as students actually found some values between 1/5 and 2/5.
However, they did not consider that their answers are estimations and the actual position of the marker could be
different from their answers.

Finally, the pre-service teachers indicated that students would prefer first the fraction to represent the asked
point and then they would convert the fraction to decimal. Pre-service teachers stated that the reason behind this
was students’ familiarity with fractions. Half of the students used this strategy.

After asking possible misconceptions and difficulties, pre-service teachers were asked what their suggestions
would be to overcome students” misconceptions and difficulties. They made some suggestions for teaching
fractions and decimals. Since they stated students’ difficulties mostly stem from learning decimals, their
suggestions were about teaching decimals. One of the common suggestions was that decimals should be taught
in relation with fractions after students learned about the fractions. In this context, they indicated the importance
of conceptualization of equivalent fractions. Because many times students expanded the fractions to get the
denominator as 10 or a power of 10 while converting to decimals. For this, the pre-service teachers suggested
the use of area modeling for conceptual learning. They also pointed out that the number line model was more
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abstract than the other models such as areas, concrete materials, etc. They added that the number line should be
used after students learned about fractions and decimals conceptually. According to them, the number line
should be used especially for ordering fractions and decimals.

Discussion and Conclusion

The students and pre-service teachers demonstrated somewhat different strategies for solving the question. The
students tended to count all the ticks and make the denominator equal to the number of all ticks. Additionally,
they tended to use larger numbers for denominators. On the other hand, all pre-service teachers divided 1 by 5,
and wrote all ticks by fractions such as 1/5, 2/5, 3/5, and 4/5. Thipkong and Davis (1991) found that pre-service
teachers had difficulty with showing less used decimals on a number line such as the numbers less than 10. In
contrast with the findings of that study, in our study pre-service teachers could use the number line correctly and
could find the decimal numbers correctly for the number line units. When students’ and pre-service teachers’
strategies were compared, it was observed that the students could not think of dividing 1 by 5. Instead of 1, the
students preferred to take a larger number such as 100 that can be divided by 5 (i.e. the number of intervals).

Some students tended to think fractions as successive numbers similar to whole numbers. They generally
answered by subtracting 1 from the number that is on the second tick. Vamvakoussi and Vosniadou (2007)
indicated similar thinking of students in their study. In their study, the students considered that decimal numbers
and fractions have successive features similar to whole numbers. Two pre-service teachers (T1 and T7) also had
similar thinking since they subtracted 1 from 8 like in whole numbers. It is important to note that these pre-
service teachers were two of the high achieving ones. They could not think that other numbers such as decimals
could be on the numerator. Other studies also showed that pre-service teachers might think successively in
decimals (Merenluoto, 2003; Tsao, 2005).

Almost all students tried to find a precise value for the answer instead of an estimation value. Similarly, most
pre-service teachers did not make a prediction. It is interesting that although two teachers (T2 and T3) thought
that students might try to find an exact result rather than making estimation, the teachers themselves behaved
similarly. The reason for this may be that they can pursue their problem-solving approaches that usually ask to
find exact values. It is also stated in the literature that teachers’ perspectives and approaches are affected by their
previous experiences in their students’ years (Anderson, White, & Sullivan, 2005; Cooney, 1999; Raymond,
1997).

Considering students’ achievement levels, high achieving students used more than one strategy to reach the
result. For example, H6 used the first and the third strategy; H5 used all three strategies. This might be an
expected result since high achieving students have more experience with different types of problems and
develop different strategies in their solutions. However, only H6 could make a correct estimation. H5’s
reasoning could also be accepted correct, but he made calculation errors and he could not reach the correct
result. From this point, it can be said that high achieving students performed better than the medium and low
achieving students. This situation may show that high achieving students conceptualize fractions and decimal
numbers better than the other students. Medium achieving students (M5 and M6) could not distinguish fraction
and decimal. Finally, we can say that low achieving (L5 and L6) students generally had difficulty with using the
number line.

As for the students’ grade levels, it was observed that they use successive thinking regardless of their grades.
However, especially fifth graders (M5 and H5) had a tendency to think the whole as 100. They converted 1 to
100 to reach a solution, while all 6" graders assumed each interval has 5 ticks and the whole is 25.

We observed that both pre-service teachers and students wrote fractions first and converted them to decimals
afterwards. When teachers were asked why they preferred fractions first, they explained that they had more
experience with fractions rather than decimals. This might be because of the fact that fractions are taught before
the decimals in the curriculum (MoNE, 2013). Van de Walle et al. (2013) also suggest that this order is
appropriate since decimal numbers are another representation of fractions. Research shows that emphasizing the
connection between decimals and fractions eases learning these numbers conceptually. While, some studies
argue that first teaching fractions and then connecting them with decimals is more appropriate (Thompson &
Walker, 1996), other studies argue that first teaching decimals and then connecting them with fractions might be
better (Moss & Case, 1999).
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None of the pre-service teachers could anticipate that students would change the whole to a larger number
divisible by 5. They predicted that all students would begin to solve this question by dividing 1 by 5, and obtain
fractions for the representations of the ticks. But, students used 25 or 100 as a whole, instead of using fractions.
Pre-service teachers also stated that students would experience a density misconception for finding a number
between 1/5 and 2/5. They indicated that students could not think of any numbers between 1/5 and 2/5. But the
students did not use 1/5 and 2/5 and therefore the density misconception was not seen in this situation. However,
the students had density misconceptions, but not as indicated by pre-service teachers. The students thought
successively, and they judged the asked point to be one less than the determined number of ticks until the
second tick (such as stating 9 if the second tick was 10 or 19 if the second tick was 20).

Many pre-service teachers indicated that students can have misconception about using the number line. This
misconception was seen in three students’ solutions. Two students (M6 and L6) did not consider all the ticks on
the number line and another student (L5) used the number line incorrectly by ignoring 1. In the light of these
findings, it can be argued that pre-service teachers can anticipate students’ misconception partially. Tiirniiklii
and Yesildere (2007) also stated that pre-service teachers have struggles with defining students’ misconceptions
about fractions and decimals. Thus, it can be said that pre-service teachers’ pedagogical content knowledge was
not adequate. Another reason for the preservice teachers’ inadequacy to anticipate students’ strategies might be
the lack of teaching experiences, which is cited as an important factor by Depeape et al. (2015). Finally, two
pre-service teachers did not mention about students’ difficulties regarding successive thinking since they also
used successive thinking in their own solutions. This is a confusing situation since it is assumed that these pre-
service teachers (T1 and T7) have strong content knowledge because of their high CGPA. Another interesting
situation about content knowledge is that one of the pre-service teachers who can estimate closer value such as
0,38 by explaining her reasoning is a low achieving pre-service teacher (T6). Thus, it is questionable if their
high CGPA is an indicator for strong content knowledge.

According to the findings, students had a difficulty with using the number line. For example, students could
divide the intervals into equal parts by ticks, but they did not consider the total ticks during their solutions. The
use of the number line to represent decimals is important for recognizing and ordering decimals, and doing
operations with decimals (Thompson & Walker, 1996). Bright, Behr, Post, and Wachsmuth (1988, p. 215)
describe the number line as “an integration of visual and symbolic information” that the use of the number line
model can develop learners’ understanding of more abstract concepts such as spatial reasoning and symbolism.
Therefore, teachers should give importance to representing the numbers on the number line (Janvier, 1987).

There are many studies that deal with fractions and decimals, however this study had a specific aim as to
determine students’ and pre-service teachers’ understanding of locating decimals and fractions on a number line.
In this regard, the density property of decimals and fractions is investigated in this research. Considering the
importance of density of rational numbers, this study can contribute a different perspective to the discussion of
density property in mathematics education with using the number line. The number line model can give learners
the sense of continuity that is essential for conceptualization of rational numbers (Widjaja et al, 2008). There are
many studies that show how students and pre-service teachers’ have misconceptions about density (Depeape et
al., 2015; Fuglestad, 1996; Hart, 1981; Liu et al., 2014; Merenluoto & Pehkonen, 2002; Merenluoto, 2003;
Tsao, 2005; Veloo, 2012; Widjaja et al., 2008). With using the number line as a continuity model in this study,
we observed that students did not comprehend the density property of decimals. This finding is in line with
Michaelidou, Gagatsis, and Pitta-Pantazi’s (2004) research, that the researchers indicated that students did not
perceive the number line as a continuous model.

As implications of this work, teachers should give more emphasis on interpreting and correctly using the
number line to help students to conceptualize decimals and fractions. Especially, they can use it in ordering
decimals and fractions. Teachers may also benefit from the number line to give a sense of continuity of decimals
and fractions to prevent misconceptions about the density property of decimals and fractions. Another important
issue is the representation of numbers on the number line. When pre-service teachers begin to teach students,
they may have difficulties since they do not anticipate students’ thinking about the use of the number line, and
representing decimals and fractions on the number line. In this regard, pre-service teachers’ pedagogical content
knowledge can be improved using examples from students’ solutions in method courses.

This study was a multiple case study and therefore the aim was not to reach a general conclusion but rather
present the problem in detail regarding the location of decimal numbers. To enrich the findings, focus group
interviews with pre-service teachers and their discourse analysis while teaching can be made as a next step of
this research. In the future studies, researchers might develop instruments to understand teachers’ thinking of
decimal numbers as well as their knowledge of students’ misconceptions based on the results of this study.
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These instruments can be used to conduct a quantitative study and might be applied to a larger population in
order to reach more general conclusions. Additionally, mathematics educators might include topics related to
decimal numbers in their method courses and emphasize how successive thinking differs when we compare
decimal and whole numbers. They can also focus on the importance of estimation and discuss about the
possibilities of multiple answers in different types of decimal problems.
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